[ 13 ]

II. On an Extended Form of the Index Symbol in the Caleulus of Operations.
By WiLLiaMm SporTiswoopE, M. 4., F.R.S.

Received November 24,—Read December 22, 1859.

In the following paper I propose to resume more in detail the subject of a communica-
tion made to the Cambridge and Dublin Mathematical Journal (vol. viii. p. 25). The
present investigations are restricted to the case of two variables.

8 1. The Theory of V and V,.
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where the accent indicates that in the combinations of =, =, the differentiations are to
affect only the subject of operation, and not & or y, so far as they appear explicitly in
the values of =, =,. So that E2, E =,, =2 are to be understood as follows:—
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and so on for higher powers.
It will then be found that

I

==V =(V-1)V,
1 VV1—V1=(V—1)V1 )

B=Vi-V =Vi—V.
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14
Similarl
b B=VE—25  =(V—2),
=B, =VEE,~—2EE, =(V-2)E&,
E Ei=VE]—25} =(V—2)&2,
==V,Ej—2EE, =VE!—2EE,
And, generally,
Er=(V—n+1)2"",
ErlE = (V——n+1)"‘"—2:”
. _(V—n+1)”""‘
=V, B} '—(n—1)E=7"2
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Before developing these expressions, the following formule deserve notice :—

(BELE)=V'"12VV,+Vi—2VF2V,
Similarly, by arranging the terms of the third order thus,
E=V=? —2E2,
3E*E, =2VEE,+ vl —4EE,—2EE,,
mi= viE —2EE,
we have '
(BXE)=(VEV,—4)(VLEV,—2)(VEV)).
And generally,
Bt vEr! —(n—1) B
TEeE= T vEE, vE —(n=1)" EE—
-1 o = —1)(n—2 o — i 2 bt 2 [y
D=t s 4 v E - ) T e

—(n—=1) ==,

( . 1)(”'— )A—m 3rmig
1.2 =

Taking the sum of these, the coefficient of Z*#~'=% on the right-hand side will be

(p—1)(r—2)..(n—p)

\r=1)(r—2)..(n—p+1)

(n—1)(n—2). —(n—p)

T p(n P)/v_l_v) (n 1) 15,7

n—1)(n—2)..(n=p—1

—(p+De=Re= )(pgrl)p )
n—1)(n—2)..(n—

(n— )(n—-2
1.2..p

”){v+v1 —2(n—1)}.

1.2.

(p=1)
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So that, finally,
(BLE)'={VEV,—2n—1)}(ELE)"
={VEV,—2(a—1)H{VLEV,—2(n—2)}. .{VL£V,—2H{VLV},

the upper or the lower sign being taken throughout. And since

=tz y=(ety)(Gtz)

o () =)o} ot (g) o). ez ()}

an equation which might be established by other methods.
Returning to the expressions for we have

A
=P e,

(V—=n+1)..(V=2)(V-1)V,
(V=n+1)..(V=2)(V=1)V,,
(V=n+1)..(V=2)(Vi—V),

III III
III III III
Il

ErEi=(V—n+1)..(Vi—3V+2)V,,
=E=(V—n+1)..(Vi—6VVi+ 87"+ 8Vi—67),
=RV ). (V= 10VIVH L2V = VIV 127,04 87— 47,7 - 6714247,
These expressions are, however, determinants : thus,
=V 1 EE=|V 1 =1V, 1
VAY ViV, vV Vi
= |V 2 =EE=|V 2. EEi= |V 2 =1V, 2.
vvi vVl ViV, 1 vV V1
VVV ViV Vi vV V¥V, ViV V,

The corresponding formule for n=4 are easily deduced from these, as follows:—For
add to each determinant a row (V, 3, 0, 0), and a column having
v for its upper constituent, and for the remainder a repetition of the first column of the
determinant to which it is added. For =! the additional row is (V,, 3, 0, 0), and the
additional column v/, with a repetition of the first column of ==;. The formule then

=T )—:3:—:
'—-1"'-1

Qb bt g
19 = Yy S

are

vi3..|EBEE=|V3 EEI=|V 8 EEi=|V 3 Et=| VY, 3

VvV 2. VvV 2. vV 2. ViV 2 vV V.2
VAVAYR! vvvl ViviVi 1 vvwl v,V v, 1
VVVV ViViVi 'V, VVVV ViVhV V, vV ViV V,

D2
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And so also generally,

BE=| V,¢=-1 0 .. 0 0 |, or =] V,e2—=1 0 .. 0 O
v V,i=2.. 0 0 V V.i1=2.. 0 0
Vi V.V, .. 0 0 Vi V. .V, .. 0 0
V. V. V. .. v, 1 v V2w Vv .. Vv, 1
v V. v .. V V Vi VvV Vi .. V V,

=t

according as ¢ is even or odd. And the expression for == is to be formed from this
by adding the following j rows (each consisting of (¢-j) places), viz.

vV o iHj—1 0 .. 0
v vVooit=2 .. 0
Y v v .. 0 0

and repeating the first column of E} j times, so as to complete the square.
By means of these formul® the expression

aEn_l_%bgn—lEl =(a,b,.. Y8, E)

may be exhibited as a function of V, V,.
There is, however, another way in which this transformation may be effected. Let
@, 35 &, (3;;.. be the roots of the equation

(@,%,.. X5, B,)"=0
solved with respect to =:=,. Then
(0, b, OX(E, B\ =(t,E+8,5,)(«E+BE))
=(VV X uBi)(«E +BE) — (2= +BE,)—Py(wF, +PE)
=(VV X ) (VVi X of3) = (VV,V X et,3, X )

Similarly,
(abecd)EE,)

= (= 4= )@= +B,E, ) (2= 4 BE)

=(V 4BV (e E B =) (= +BE,)
—20, (e,F +B,5)(« E+PE,)
= B (= +BE )« E4pE)
= B (= +LE)(x =+LE)
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= (Vvll%ﬁz)(VV:Ialﬁx)(VVJ[“Q) - (Vvll%ﬁg)(VV1VIwﬁ,I“ﬁ)
—205(VV 1 X 0,3, (VV, X 2B) + 20,(VV, VX f3,33)
— Bo(VV. X Bwn)(VV X eB)+ B ViVV X o3 X exf3)
- 32(VV1I“131)(VV11@1) + ﬁz(vlvvliwlﬁxlo‘ﬁ)
=(VVX:B)(VV i X t:B:)(VV 1 X 23)
—(VV. X B) (VV.VX i3, X :3:)
- (Vle“ﬁl)(vvle“szI‘?‘ 5)
—(VV X (VViV X B Xta3s)
+2(VV,VV i X B a3, X B).

The expanded form of this is

(@Y +B:V:)(eV 4BV, )@V +BV,)
— (2 V4B V) {(ea0tBif3o)V 4 (oo 22f3,) V1 }
—( V4BV ) (#a +B:8 )V + (28 +o )V}
—(2V+BaVi){(2 e, +B B)V (2 By +2.8) Vi)
+2{(ser,0t9 403,840, B8+ of36,)V
+ (BBt Persors+PBrevee + a0, )V, }
=aV*+3b0V*V,+3cVVi+dV}
—3(a+¢)V*—3(830+d)VV,—bcV}
4 2(a4-36)7 +2(35-+ )7,
To these may be added,
(¢bcdelEE,)
=(VV: X 5B VV i X af3:)(VV 1 XetsB)(VV, XfB)
—(VV1 X 2ef3:)(VV X B )(VV1VI“232][“1[31)
—(VV X osB:)(VV X B )(VV VX e B Y ewof3,)
—_ (VvlI“aﬁa)(VVzI“zﬁz)(vvlvialﬁ Je B)
- (Vvli“zﬁz) (Vvlialﬁl)(VV1VI“aﬁsI“ ﬁ)
—'(VVII“ B )(VVJ[%Bz)(VV1VI“33310‘161)
_(VVII“IBI)(VVII“ B )(VVIVI“:—sﬁaI“aﬁz)
+2(VV. X B ) (VViV VX e85 X taf3, X 001
+2(VV, X 043) (VV,VV, Xt B Y oef35 X 02of35)
+2(VV X sf3,) (VV,VV o0 B Y e B W etof35)
+2(VV:X285) (VV, YV, X ewafB3: X 08, X B)
+(VViV X &afBs X & B ) (VViV X of3: X 031)
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+ (VViV X esB:Xeaf3) (VViV X B X eo3,)

+ (VVIVI“SQ?»I%@) (VV1VIO€ BiXe ﬁ)

—6(VV. YV VX 3 X 0232 X 0013, X 3)

=aV*'+40V°V, 466V Vi+4dVVi+-eVi

—6{(a-+0) P +2(2b+d) 7V, + (Bo+e) Vi 4247}

+ (11a+30c4-3d)V*+44(0+A)VV,+4(6¢+2d+3¢)V;
—6{(a+60+V+4(+)7.}.

There is considerable resemblance between these functions and determinants; and
although the factors of which the various terms are composed do not admit of being
arranged as constituents of the determinants which they resemble, yet a symbolical no-
tation will render such an arrangement possible. For this purpose, let (VV, {6} and
Ye,3;) be the symbolical factors of (VV,V Y6 «f3;); so that

(VVII%BzI X I“lﬁl) = (VVNI%BJ“:@)
(VVII%BzI X I“lﬁ:][ X I“ﬁ) = (VVIVVlI“‘ZﬁzI“lﬁII“ﬁ)ﬂ

and so on. Then

(e b cyEE,)
(VV:Xefs) X3)
(VX3 X (VX eP)
(e b cXEE,)
(VV1 X (2f3:) Yoaf3y) X«B)
(VV XX (VViX,3) XB)
(VVII%BzI (VVJ(“I&I (vvll“ﬁ)
By means of these formule, the corresponding expressions for higher degrees may be
established. Thus, for the fourth degree,
(¢bcdeyXEE)
= (5B A By ) (BB ) BB, B ) (B BE)
= (V4 BsV1)(2 B+ B,E, ) (0 B+ B, B )(wE+BE,)
— Boty(0a B Bo B ) (e, BB B ) (2 B+ BE,)
— Ba(BoEA 0By (o BB 5y (2 E+BE. )
— Bs(BEABE) (B B+ o By ) E+LE))
- Bs(“za‘l‘ﬁzal)(“na+6151)(BE+“51)
=(“3V+[33V1)(“2E+[32E1)(“1E+31E1)(“E+551)
— (BB EY 35X eaf3s) (s BB B ) (e BB E,)
— (BB, E (BB E Y 35 X 0,3, (@B 4B E,)
— (BB ) (e BB B, )(BEE EX a3 X B)
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= (VV;I%B?,) (VVII%Bz) leﬁl) I“B)
(VVII“2B2I (VV:IO‘IBJ I“:B)
(VVJ(%&I (VVII“IBII (VVII“B)

- (VVxVI“sBaI%Ba) IMIBI) Iac,@)
: (VVlVIO%BaI“zﬁzI (VVJ[‘”JBL) I“B)
(VVlVI%BsI%B‘zI (vlewlﬁ X (VVII“B )

— (VV:I“262) I“sﬁs}(“ﬁl) I“B )
(VVI 3{“2323( (VVlVI“SIB SI“lB 1) I“ﬁ )
(VV1I“2B2I (VVlVI%BsI“xﬁlI (VV:I“B)

— | (VV. Xfs) Yeuf3) Kewaf3s X 23)
(VV)I“2BzI (VVII“IBI) I“ﬂﬁif]{“ﬁ)
(VXX (VV B (VV. VB )

Transposing the columns of the third of these determinants, the sign becomes changed,

and the sum
= (VVJ[%BS) I“262) I“lﬁl) I“B)
(VX3 (VViX20,) Yeuf3,) Xef3) ;
(VU XeBX, (VXX (VVi X8y XeB) |
(VU XaBoX (VU XX (VO XX (VY. XetB) |

And as the above process is perfectly general in principle, we may conclude the general
expression

(2b. IEEI)”
= | (VV.X.,) YtnsfBy) -+ Ye3))
(VVII“nﬁnI (VVII“”—IQW—I) . I“lﬁl)

(VVJ[“nﬁnI (VVII“n—IBn—II . (VVJE“)BJ
In order to alculate the effect of the operation V,, and so that of the operation
(b .. E E,)" upon a given function, let

v=ax"+aox" " 'y+..

=2aiwn-—i?/i_
Then s . . .
Viuw=3a{(n—2)a" "yt faa"ty 1}
=S{(n—i+1)a, +(+ 1) }a> g
Now

i f0) =f(0+F).
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Hence
d d
V1n=2{(n-z'+ l)s"d—i+(z'+1)eii}aw”“’g’",
a d. 2
Viw=3{(n—i+1)e" &+ (i+ 1)@ } aay,

Viu=3{(n—i+1) -+ (i-+ 1) } gy,

where the operative factor must be understood to affect the suffixes of the as and the
is in the coefficients, and not the indices of the variables. In the use of these formule,

however, it is to be observed that the order of the multiplications must be retained.
Thus:

{(n—i41)e a4+ 1) Mg,
={(r—i+ 1) i (it 1)@
(i 1) (i 1)
+ ()it )
+  (4De(i+1)e fa,
= {(n—i+ 1) (n—i+2)e ™ (n—it ik (n— )i+ 1)+ (i+1) (14+2)°% }a,
= (n—i+1)(n—i+2)a, o+ {(n—i+1)i+@—0)(i+1) }at G+ 1)(i+2)a,.
Similarly, since
(e+b)f=aaa
+dbaa
+aba
Jaabd
+abdd
+o0abd
+bba

+ 55 0.
Therefore

{(r—i+ 1)t G4+1)i g,
=[(n—i+1)(n—i+2)(n—i+3) "
+ {(i+1)(n-—i)(n—@'+1)+(n——z'+1)z‘(n—z'+1)+(n—z'+1)(n-z'+2)(i_.1)};,%
+{(r— 1)+ 1)+ (i+1)(0—1) G4 1)+ (4 1) (i+2)(n—i—1) } i
+ (1248 a
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= (n—i+1)(n—i+2)(n—i+3)a;_,
+{ (=) i 1)i4 1)+ (n—i LfiH (n—i+ 1) (n—i+2)(i—1) }ar ,
- {(n— i D 1) ()i 1P (nmi = 1) 1)(42) b,
+ (+L)+2)+ ),

and so on for higher degrees.
But it is also required to determine the effect of negative powers of V¥, on a given

function. For this purpose let
U=3Aa"y

and

VitU=u, or U=V ,u.
Then equating coefficients,

1d, =A0,
ne, -+ 20, =A,
(n—l)ao 3a, =A,,

San—a‘l"(n_ 1)an~l —An-—2 ]
2a, o+ na, =A,_,
an—l =An 5

whence, by actual elimination,

1
a, =IAO)

a7=% (AG— (n— 5)a5)

1 (n—5)(n—38) (n—58)(n—38)(n—1
=7(A6_ A5 A 3.1 )Ao)’

_ 1 n—2m+1 (n—2m+1)(n— 2m+3)
“2m+l—m(A2m"‘—25f:1—A2m—2+ @m—1)@n—8)  Awm-i—

m(n—2m—+1)(n—2m+38)..(n—1)
(—) @n—1)@m—3)..1 A)

MDCCCLX. E
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and for the even indices,
a=5(A—na,),
a4=£(A3—(n—2)a2)
=i(a—"2a+57,),
&6=3<A5—(n—4)a4) |
_la—rh, +< D=y _=tlo=tn, )

4.2.1

But it is better to make use of the operative symbol for the solution of the equations ;

thus:
(n—1+2)a,_, +ia,=A,_,

{(n—7:+2)e-2% +i}a,.=A,-_,, or {(n—i+2)e"2%%+1}ia,-=A,-_l;

whence

. 221 -1
a,-:—_{(n—z—|—2)e i ;+} Ay,

_1 1 ;1.9 5] _IA
&=7 +(77/—7/+ )5 'g} 19

7 (n ——z+2)( —z+4)A

w={ A = AL+ T A -}

the last term being
=1 (i +2) (n—i - 4)..
(=) —2)(i—4). .1

(”_I)A When ¢ is odd,

and

Fln—i4+)(n—i+4). ‘.
(— ) H_ Zl__;;_ 2) 24, when i is even.

The two cases, however, of # even and » odd require special notice. If » be odd, the
last equation of the series for determining the as may be thus written:

1.8 ntl 1.3..n

N, =0=A,— r— IA'I» ot (n-—-l)(n-—3)A . '(‘")T(n_l)(n_g)_"gaoa
which determines a,.
But in the case of n being even,
1.3
My =0= Ay — =5 Avat =D =gy (— ¥ Ao,

a relation between the As alone. The explanation of this apparent anomaly is to be
sought in the complementary arbitrary function arising out of the operation V0.
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In the case of V2,
. d
o= {(n—z’+2)e“2'ﬁ+i}2Ai_l

Fifremsenctil s,
]

1] n— z+2 (n——z+2)( —i+4)
-{A‘"‘_ i—2 Ais+ (:—2)(:—4) A } '

:%{1-1—(%-—73-[—2)2‘2 @

i

1 d
Z—{1+(n--@+2)e s

1 ) - 1 _m—it2,
femin Een - o)
But
[on—it2)ei; }—(n_z+2)e-2vl" —i42
__(n—i+R)(n—i+4) _43T
- (=96-4) -
: 221 -23 1 —
O e = =
_(n—i+2)(n—i+4)(n—i+6) —o2
—2G=9G—6 ° ™
Therefore

! n—i+2 (n—i+2)(n—i+4)
'lai——-'l-“{Ai—x ""—,5__—2‘Al—"’ + (t—2)(i—4) Ais—

1
S
.—l—{n_i+2A,~_3—(n z+2)(n—z+4¢)A‘—5+ }
=
-}

1—2 (e—2)(

1 (n—z+2)(n i+4)
+i—4{ A

(i—2)(i—4)

1
= "{Ai—l

<+z 2>n z+2 A,

n—i+R)(n—i+4)
+<?+i?§+m> (2—2)(1'—;) A

e e ey

the last term being
(— ) ( ,_2+ +3+1>(n—iq(—f_)(;)—(;i—z;h.):i(n—l)Ao when ¢ is odd,
and
e (n—z+2)(n-—-z+4) 0
(=) (GHimg+-+i+a) ey
E 2

o, when 7 is even.
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For Viu,

B i = LR W TR

=i = () A ]
z'_—l;zl.z'(i—12){i—12A"—3—(z’—-2+i_14,> s W }

s it (Fatime) et A+

. 1 1 m I\™ 1\7! 1
and writing for convenience (7, {:55 = (—) +(7> 7=, ¢ the multinomial

7

expansion with the numerical coefficients suppressed,

= <%‘) 2A—i—1

n—i+2( 1

— =2 \i’i—2

(n—i+2)(n—i+4) /1 1 1 \?
T (?r——z’mjAf_s

A

the last term being

- )___(n_-z+2)(n—z+4c) n— 1)( Ly 1§2A0Wheniisodd,

(i—2)(t—4) i =2

and

—Z+2)(l—2+4) n <l 1

1 2 .
(— )2 2_4) 9 iy 15 a, when ¢ is even.

And from the way in which the coefficients are formed, it is easy to see that in the case
of Vi'u,

. 1 m—1
’tai = <'Z-_> Ai—l

n—i+2/1
=) z 2—25 Aig

(—itQm—itd) 1 1 1 A»
+ =) =4 <z T ima) A

with conditions for ¢ even and ¢ odd, similar to those given in the cases of V2, V4,
And since it has been shown above that

F(V,Ju=3{F ((n—ip 1)e o0 (i-41)557) Ja,a~'y
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it follows that, if

{F(@.)} U=,
the coefficients of % will be given by the equation

. _a LA

a;={F((n—i+1) @ (i+1)e) } A,

Still more generally,
a d

F(V, V)u=2{F(n, (n—i-+1) @ +(i+1)i%) }aay.
So that the effect of the operation

(ad.. XEE)",

or, as it may also be written,
. dm n 1 dm
(ab.. X xy) W+T(ab..][xy ](yx)m+.. ,

d d
will be exhibited by replacing V, V, by n, and (n—é-41)e"d (i 1)e% respectively in
either of the values given for (ab .. Y2 E,)" in pages 16 or 19.
In order, therefore, to solve the differential equation

(ab.. B E)"u=0,
we must first reduce it to the form

F(V VL)u':" 0;
then solving the symbolical equation

K-'F (V V1)= 0 )
(where K is the coeflicient of the highest power of V,) with respect to V/,, and calling
the roots fi(V), fo(V), . [u(V), or simply £, fs, .. fr, We have

0 0
U=F, V) K= (Vi—Fa) -+ (Vi—Sm)
17 6 | G Cn
”K<v1-—j.l+Vl_.f2 v vl_‘fm)o’
where

— 1 — 2
Cl_(f] —[ (=1 (fi=Fu)’ Cz—(fa—fn)(fe—fa) ol fn) T

In order to evaluate the expression for u, let p,, p,,..p, be values of ¥V which make
Fo» fas - [ vanish. They may in fact be called roots of f,fs,..f,; but as these func-
tions are generally irrational, they cannot be replaced by the products of factors of the
form V—p. In general there will be only one quantity p for each function f; because
if f be rationalized, it will give rise to a function of the degree m; but although the
equation so formed will in general have m roots, (m—1} of them will in fact be extra-
neous to the particular equation rationalized, and belong one apiece to each of the
remaining equations of the system.
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Let, then, u, , »

s+ Up  be arbitrary homogeneous functions of &, 7, of the degrees p,,

Pas - P respectlvely, then, since

SV u,=f(p)u,=0, because f{ p):#O,

we may make

0 _

="
and consequently .

1 1 G 0__1s G
or replacing C, by its value,
| Y= e l fm 1 U,
( —=A=f) =V
_1s Ji(p)m _

KR =H()) (flp) —Flp)) VAR
This expression, however leads only to illusory results, for fi(p,)=0; and consequently
on developing ———— 2 f 7y even in descending powers of fi( p,), the first m terms vanish,

and all the terms after the (m-1)th become infinite; the (m--1)th alone being finite.
The following method is, however, free from this difficulty. Select any second suffix 5 ;
then

U= —

xlw

LV

fim-l j}m_x 0
2{ Ji=h)- i) o (fi= V) o (fi= 1) +(f-—f1) =V f=h)e (f,-“fm)}

W[!-‘

—-~2{ f’"‘" _ S } 0
KGR =GRy =R U=V (= =5
And if e, (3, .. be the roots of

fimt=0

when solved with respect to ¥V, we shall have

0
= =A,-juaij+]3,~juﬁij + ..

and
___1_2 [ fi(“ij)m—l
K 1 (ﬁ(“ij) —fl(uij)) Ve (-f;(“ij) "‘Vl) . (f;(uij)—fm(“ij))
G A,
(f].'(aij) ‘_fl(“ij)) . (.f;‘(“ij) —V1) . (-f]"(“ij) ""fm(“ij)) ] T

-+ similar terms in B;;, 3;;; }
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And if we assume

w,=(a @, .. Y2 y)*
wg=(bo b, .. X y)ﬁ

the values of the coeflicients, as affected by the operative factor, may be calculated by
formule given above.

§ 2.

Let s, s,, .. be any linear functions of the variables 2, y, such as

S.f=06ﬂ' +ﬂ.y ’
and let
d

S;a;:%i, S; @:’Ui.

It is proposed in the first place to investigate expressions for symbols of the form
di

S8 S

in terms of the us and vs.

First, as is easily seen,

d? d d
ssld—éa:s%(sl%—a,):u(u,-—-m,),
o g4 A A d d_ od
ssldxdy_sdx'S‘@—S“*@_S@‘Sldm_sﬁ'%’
therefore

d? d d d d
233,a,—~—~z,dy:s%(s1 d———-ﬁ,) +33?;<81%—u,>

=u(v,—B,)+v(uw,—a,).

Hence the quadratic system,
dﬁ
So0Sn1 ) =uoo(u01 - “01),

42
28,08, dz dy=u1°(v“ '—ﬁu)+'vxo(un_‘au),
42
S20S21 @é———_%o(”m "ﬁzl),
or

dﬂ . 42 42
(002 +2002y+ 0" g+ 20"+ 20,2y +0.9") g gy + (@2 + 20,2y + 09 gz

= UggWigy = UsoVs1 V198, T VagVsy = oy Uiop— 311 %10 211V15— By Vsp-

Again, developing the following expression by EvLER'S theorem, and remembering
that, since the ss are linear, their second and higher differential coefficients vanish, we
have
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a? d ds a2
881707 - S =851 %—3+Zss,w20—lﬁ,

or

ds d?
88,8y 75 =88 3 dx9<s2dw —2¢ 2)

(o) ()

=u(w,— o, )(Uy—20z,).
Again, taking the first two equations of the quadratic system above written, and ope-

. d d .
rating on s,7-, $,7- respectively, we have
8 dy S2dw TESP y

a2 d a3 “d?
S8 I S = S S +2s8,0 7 &

p ----——d2 d da° d? 42
5881 dz dy -82%=283132m—y+2381a2m+233162%2~
Hence
d3 42 d
ass,szdxad =8873 (82 o —28, >+2ss, @iy (8,—2az,)
=t —e)(0,—2B)+ {0 =) o — ), 2e)

=ty — 0, )(Vy—23,) 0 (v, — B, ) (%o — 2005) +v(0, — 2, ) (= 2z,

Hence the cubic system,

d3
88,8y Tg=w(uy— o, )(tt3— 2as,),

. d3
58_8182747_27!/ =u(u,—e,)(v,—20,;)
+“('vl _ﬁl)(u2_2“2)
-I—’U(ul - “1)(”2_ 2“2)5
3ss, 321}2&2:”(”1 — B (¢y—2es,)
+ v, —a,)(v,—203,)
+ Z‘('Ul _Bl)(v2_ 262)7
ssls2g;~3=@(@l —B,)(v,—20,),

in which the ss, us, vs, as, s may be furnished with double suffixes, as was done in
the quadratic system ; and then the sum of the four equations would give the value of

a3 A
(abedXay)’ 75 +(abed X 2y) 750 dy+
For the general case, let
dt ;
N,ss, .. si_,m=A,

dl
N,i188; .. Si—lmm—B,



THE INDEX SYMBOL IN THE CALCULUS OF OPERATIONS. ' 29

where

ii=1).. (—p+1) - _ili=1)..(=p).
1.2..p ° “w»h=T1.2.(p+1)

N,=
so that A and B are two consecutive terms in the system of the degree 2. Then opera-
ting upon S"d% with A, and upon si% with B, in the same way as was done in the case

of the third degree, we have

di—(—l
Asig —N 285 S i gt
di
FNpssy s (=) g g

di
+N,s8,..8_,p8; Tdy

d
led =N, 188 o S5

‘dat—p dyr+! _

di
+N,188 .8, (¢—p 1)“zm
+N,,,8s, .. si_l(p+1)ﬂim.

But .
(P+1)Np+l=(7’—p)Np
and

—1 1
Np+Np+1— 1 2) (;H-l_;_ )(])+1+7/"‘10)

D). i—p+1).
1.2..(p+1) °

in other words, N,+4N,,, is equal to the (p+41)th coefficient in the case of the degree

(¢+41). Hence, adding the above written expressions for Aszj, Bs; CZ;, and calling the

value of N,+N,,,, ;;,N,,,, we have
di+1
P dyp

=A(s %—-z’ﬁi) +B(s,.§é—w,.).
But if it is true (and it has been proved in the cases of 2, 3, ..) that
A=Su(u,— ) .. (1 — G—p) i )0y s — (E=p+1)Bipis) -+ (010 — (= D)Bi),
B=Su(ty—e) ..ty — (i—p—D)ae_y_,) (v = (= p)Biy) - (v — (G=1)Biss)

i. e. if A and B are respectively equal to the sums of all the products of the above forms

that can be formed by interchanging the us and vs, so that the total number of the us

and of the vs remains constant in each product (viz. (¢—p+1) u-factors and (p—1)

v-factors in A, and (¢—p) u-factors and p v-factorsin B); then will A(v;—1%03;)+ B(v;—ix;)
MDCOCLX. F

i+10Np 1188 .. 8
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be equal to the sum of all the products of the above form which can be formed with
(¢=—p) u-factors and (p+1) v-factors.
In order to calculate the effect of the operation Su(w,—e,).. upon a given function, let

V=3a,2"",
then ;
uV=3(ax+PBy)(n—1)a; =iy
=3{ (n—d)uaa" 'y +(n—5)Baa" "1y }
=2{(”_i)“ai+(n—i+1)ﬁa,-_, }mn-iyi
d
=2{(“+ﬁ27")(n—-z')a,-}w”—"y‘,
d

in which @-+(3:"% must be considered as an operative factor affecting the quantities

within the brackets { } alone.
Similarly,

(t—0)V=3{(n—i— Do ast(n—i+1)Ba,_, }a"y';
therefore ,
u(ul-—w,)V::E{ (B8 ) (—1)(n=—t=—1)et, ;4 (4P & )(0—2)(n—i+1)B,a:, }x"“"y"
=3{ (B ) (B F) i) (0 im 1) 2~y
And if, as has been proved in the cases 1, 2,..,
Wty =—05,) « o (U, —mt2,, )V
= 3{ (-F PR et B ) .. (Bt (n—i)(n—i—1) .. (n—imm)a; } ",
then
(um+l."(m+]-)“m+l)v:2{(n.'i—m_1)“m+lai+(n_i+1)ﬁm+lai—l }wn—i?/i;
and generally, '
Wty =) .. (Ups— (0 L)t )V
=3{(a-+PT) @b Pre ) . (t F B i) (—i—1) .. (n—imm— 1)ty
+ (BT g B ) . (2 B &) m—i1)(m—0) ... (n—im Bty b2y

=3 { (“+B£~§{)(“1 +f316“'%) e (“m+1 +ﬁm+15“%)(n'—@')(%-—~’&'—-1) e (n-—-i-—-m_.. ]_)ai}.z.n—-iyi.
Again, |

V=3 { (“x_l.ﬁy)iaz }$n—iyi
=3 { e(t+1)a;,, +ﬁz'ai}xn—iyi
=2{(“g§{+ﬁ)iai}wn—iyi

(’U, _-BI)V= > { “‘(7:+1)ai+1 +ﬁ1(?:"1)di}$n'iy€
(= BV =3{ (e B i+ D+ — Dl o~y
=3 { (e ) 4B )ili— D) Loy
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And in the same way as in the case of the us, it may be shown that
(0P BV
=3 (e B) (i +-B,) .. (e Bu®Yi(i—1) .. (i—m)a }am=f.

Again, for the intermediate terms of the system,
(v, BV =3 { (-t ) (i L)ty gy - (i— DB 27~
=3 { (o - B)(n— i+ 1)istst (i—2)Brty ]} 27
ot =) =3{ (@)=Lt (n—it 1), 0, T}y

Hence
{u(vl—ﬁl)'l'/u(ul —“1) } V
=23{ (a4 B (n—i)imn it (n—i+1)i—1)Ba, ]} Y
=93 (asi+ B) (o + B ™) (n—i)ia, Ly
Again,
{u('vx —B)+v(u,—a,) } (ty—20,,)V
=22{(ae%+B)(ool+Ble_§f)(n—i)i[(n—i-2)052 a,-+(n—z'+1)ﬁza,-_,]}x”""yi,
w(uy—o,)(vy— 23,)V
= 3{ (s +B) e+ B ) (n—i+ L) (n—i)[ it B(i— e, ]}y
Hence

Wty 00) (0 —2B0) - 00— B Yt — 2tg) 400ty — 1) (ttg— 20t5)

=83 { (a4 B) oy ot ) (n—1)iteaty(n—i—1) - (n— i+ 1) (0 —3)Bat_r (i—1)] b~y
=83 { (s - B) s+ Bt ) tab B ) i) (— i )it } 2"y

Again, for the general term, let

A=,N,_,88,..8 d

m=1 Jpm—p+ ldyp——l

=mNp—1(05+f3€_35) . (ocm-—p‘l‘ﬁm—pﬁ—ﬁ)(“m_pﬂ5E+Bm—-y+1) .o (“m—ne‘%"’ﬁm—l)(n—'i) . (%—z—m/-l—p)i (i_p+2)’
| B= N, 188, Smr iy s
— N, (B ). (s Byt F) ey Brnp)o(ims 5 B s (18 . (it p— )i it 1),
Also let

K=(“+B§_‘%) . (“m—p+6m—p€_%)(am—p+le%+ﬁm—p+l) o (am—le%_l-ﬁm—l)‘
F2
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Then changing oom_ped—bi+ Bu_p in B, into &, _,+ Bm_ped_? , and compensating the change by
writing (¢41) for ¢ in the numerical factors to the right, we have
A=K N, (n—i)..(n—t—m=+p)..(¢—p+2), .
B=K ,N,(n—i—1)..(n—i—m-+p)(i+1).. (—p+2)e,
the factor &% having been added in order to indicate that ¢ must be changed into (¢4-1)
in the expression upon which B will presently be made to operate. Then making
H=(n—i—1)..(n—i—m+p)..(i—p+2),
C= {A(@m —mf3,,)+B(u, —me,,) } A%
=3[ KH ,N,_,(n—0){ (¢+1) @1 +(i—m)B,a, }
+KH,N, (i+1){(n—i—m—1)umai+,+(n—z’)ﬁma,~}]x""'y"
=E[[KH{(i+1)[(n—i)mN A (r—imm=1),N, Y s

(=) (i—m) N, +G+1) N1 a,.}J].

Now

(n—7),N,_,+(n—i—m—1),N,
=(1= )Nyt uN,)—(+1),N,
=(n—=1) . Ny—(m—p=+1) N,
=(n—i—mAp—1)n..N,,

(¢—=m),N,_,+(#+1),N,
=(+1)(wNp1+ uNp)— (m+1).N,_,
=0@+1)neiNy=punN,
=(+1=p) N,

and

Hence
C=s3 \mHNpKH{(%—i—m-l-}"—'l)(i-{-l)amaiﬂ+(n—i)(i—p+1)ﬁmai}ﬂ e
=X :mHNpK(ame% +B.)(n—3) .. (n—i—m~4-p)i .. (i—p+1 )a,-]] o |
=3[0, (2 BE) .. (g By ) nopir B yir) - (i)
(n—3) .. (n—i—m—+p)i.. (i_p+1)ai}]xw—iyi,

which proves the formula generally.
This expression may, however, be transformed into a more convenient shape, as fol-
lows. Let

Py

88..8,=(aa,..a, Ty)",
then

(1B ) (- Bas™ ) . (et Pt ) =(a 2, .. 2, 1 6 )",
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And if
U=(aa,..a,  xy)",

d
Y=(aa,..a, &1)",

F=(aea,. o, zy)",
P,=,N;i(i—1)..(¢—m+1),

then, since
(n—ipm)n—itm—1).. (r—itp+1)i—m).. G—m —p+1)s‘m%,,N
=(n—i4+m)(n—i+m—1).. (n—i4+p+1)(t—m). (z—-m—p+1) N,_,.¢
=,N,_(¢—m+1)(¢—m+2). (z—p)(z—m)(z—-m—l) (z—m—p+1)e i
=N, (i=p)(i—p—1).. (—m—p+1)",

we have o
4P _z{Te—m—wé’;(n—i) (n—i—m+p+1).. (G—p+1) Na}xnw,-z,-
dxm_pd?/p— “ P ‘% P N il Yy
d
=3{Yan—i+m).. n—i+p+1)i—m).. ((—m—p+1)" & Ny
= 2{ Ye Z%Pi__p e_m%ai} =i yi
— E{‘r]_)igp% ai_m} &y
Hence

d"F d"F
Uodm+ Uldmm_ld_l_ + mdm

d
=3{[CPATOR A4 TR a2y
@ d
::2{[(@005’”3{_}_?1—13015@—1)%_'_ .. +a‘0m>Pi
d d a
IO W
m'd_' m (m——l)—i mil— o
+ (amoe dz+—1—am12 L +a’mm>Pie dz:lai_m}xn zy:;
and writing

m(m—1)..(m—q+1)
1.2..q

=M

q7
the above expression

=2{[Moa‘0,m %
(M Ay, m—1 P +M, a,, o )5'1”

+(M M a‘o,m 2 1,+2 +M a'l m—1 H—l +M Moaz mP)g dz
+ ...

d
+(M a, ~1,0 z+m+M a’m le+m-—l) (2"!—1)3{
+ M a’m 0 z+m ]d, m}xn—ty
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in which all terms will vanish for which
t—m <0, and i4m>n.

In order to determine the effect of the operation

[((vv.xz35) T

on a given function, we may proceed, as before, by making

KUU Idxdy)] (A, .. Jey)=(%a .. X2y)",

or
(A A, Xagy=(T0,U,.. X5 5) (@ Xeog)'s

and then the coefficients ¢,¢, .. will be given by the system, of which the following is a

type:
A,=[M,a,,,P;

d
+(M1 Ay, m—1 P..+Ma,, Pi) g
+ e ]ai—-m s
as above. In order to solve these equations for e¢ ¢, .., we may regard the expression

d
within the brackets [ ] as a function of ¢#; and resolving it into its factors, we may pro-
ceed by way of operations instead of direct elimination. Let p,, p,, .. psn be the roots;
then

a a a
Ai=a’m,0 Pi+m(52ﬁ__pl(ﬁ{_p2) . (ea—i_PW" )a"—m

and a a A,
@iy = (edi —p l)—l(edi '—Z)2)— (edz—p 2”') - o Pixm
But
edz e dz
(5 —p,)- 1__: _—(1+ St )sz
1 A; 1 A,+1 A,
P1< Piim pl P1~I—m+1 " +p?—iP"+m+’>

(e%—p (6 —pa)
1 2 P

1 A; 1 A
_— 9 i+1 _— n
( ) 11'2{ (P¢+m P, P?+m+l+ " p?_z ”+m+1)

1 A,+2 + 1 A, )

i+1
p2 (Pz+m+1 z+m+2 “ P;‘*l"l Pn+m+1

1 A; 1 1 Ai+l 1 1 )n—i A
—)2 el it = = i .
—( ) plpg{Pi+m+ (Pl, P2>Pi+m+1 + (1’1,179 Pn+m+l} ’
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1 [A 11

and consequently ,
a;_p={(—)" ) i+1 AT }
( ) 2, 00, Py - 'pzm].Pi‘i'm pl P2 p2m P1+m+1 pl, Ps pzm

Pn+7n+1

d d d
The expression (¢% —p,)™'(e% —p,)~" .. (¢ —p,,,)~" may be resolved into its partial frac-

tions in the usual way by writing
e !

C'=<pl—-p2)(p,—pa).-<p,—-p2,,,5’ = ~(Pa=P) (Pa—Pg) - (Py—Par)

and then it takes the form

C C; Caom
Tt
gdi -——p1 gdi —p2 Edi --p2m
_C,¢ C 2
R o T L
P

giving
— C2 A ( et S ( 01 Cg > An }
U= a"‘ro{ <P o + > Piim + +P2+ )PH'""H ' W +le——l:ﬁ + - Poimey [

§ 3. The case of s; being any function of x, y

Although it seems doubtful, on account of their complexity, whether the following
formule are likely to be of much practical use, it is still worth while to complete the
theory by considering the most general case where s;, instead of being linear, is any
function whatever of @, .

Since :

d° d d ds d
S IE =%y S G5z da
. 4a d ds, d
=S$% Sde™ % Uz W
therefore
0 s & d_ds\ 4 [ d_ds\ o d
8 = <8‘cir &)t <3dx"% S d
Again,
& 4 & dsys, d°
stlszZ‘aTg=8d—w'.szs]dwg 8§ dz’ dwg

d & dss, &
=S!d'_"i.-832 dzg Sl (h‘ dxg

d? ds; s d*
=Sy NS @R TS Ty W



36

MR. W. SPOTTISWOODE ON AN EXTENDED FORM OF

Hence
pE i _ds 22
65,8, 8 75 = ( 8 gm— Zd_x) 28,8, y
d ds d?
+(31d70—257x1)2882%5
d ds d?
+< 2 %2 2>2, P
(. d 2ds d ds)\ d i @ d  ds\ d
=\ %% )\ iz dx Szdx_l_ de™ d.z' Sode dz )5\ @z
d ds, d ds,\ d d ﬂ d ds\_ d
+<81%_2d7><82d_r @‘)8%4'( %) (5= m)hm
d _dsy\/ d ds\ d d "4 ds)\ d
+<82d—:§_2¢792>(3% %)S'dx_l_( T )(‘dx—dw SIn
_dddzdsdddsldd2dsdsd (s d
=S N N e T SO BT Cdeds 2l T S IR
d d d ds d d ds, d ds ds d d2s d
tsns S nen S ‘dx+2dxd; S AR ST
d d d ds, d d dsg d d dsy ds, d d*sy d
Yo m S e m S il S T il de Sl 3R S
d &, d d d d dsds d A% d
+8‘d 32dx 2 S S d S i 2dx+2dx LSd TSRS I
A d d_,dy d d_ds d ds,ds 4 d% d
T8 S S T % S dn S dr dw Szdxsldm+2dxdx xS iR I
d d d ds, d d ds, d d d%s, d
S S T e e S T S ds S dx+2%% prim Yl
i 4 i d d dd.  dd d. dd d

d d

=S ‘dxs2 dx+sdm82dx81 dx+8‘dw82a’w8dx+ Vi dx82dr+s2dxsdxsl dz +s S2 3 $1 de® die

ds d ds, ds,
de( ldede—'- 2dx8‘ dx) 3 <S2dw8dx+sdxs2 dm) 3 ( dz®' du dx

4ds, dsy d*, %,
dz de — Svd TS dx
ds, ds d%s d?s, d
+ <4dw de % @2 T8 dw"’) $1 4w
ds ds,  d%, d%s d
+ (40%' de 5 2 T 5 d_xa> Ly

Suppose that the above law holds good for m factors; then

1.2..mss,.. sm—_2< Zn—(m— 1)dx><sldx (m— 2)dsl>.. m__,aé:

where 3 indicates that the sum of all products formed by the interchanges of

fixes 0, 1,..m—1, is to be taken. Then

d d
+s dasa’x>

the suf-
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+1
1.2, (met1)ss, .. s, 2

d am dsy SgeeSy d™
s-d-zl.z..mslsg..smdw—lﬂ..ms——-‘—dg;——ﬂa—h—,—n

Il

d dsSy.iSy d™
,a—”l.2..mssz..sm£ﬁ—1.2..msl—s—%$~s— d

+s dz rra
+ .
=( % )1 2..ms,s,.. ’”dﬁ
( % mdx>1 2..m88,.. m‘g;
—2( ——mdx> (sldw—(m—l)dz) . m%:,

which proves it in the general case.

Again,
a@ o d L ds d
iy dy— S & dy— o dy
. d _d dsld
=S 3?/8‘ ™ dytlz'
d d ds d
=TSy S dy
d d ds d
=5y dy dz— Sy dy dz’
Hence
d ds
2ss‘dzdy ( ) +<‘dx dx) dy
d ds s s d_ds d'
Ao dy dy) ! dx Ydy~ dy Sdx
gain, ,.
£ A By &
88182 dxgdy— S dys’szd.zﬂ el d stdxg - dy ssldz‘g
ds d d* ds, d°
dyslszdxﬂ"'sndysﬂ i~ & S5 d
——fliss—‘ﬁ ds‘ 873 2+.<3 —88 i
- dy 1 2d$2 2 d‘z& de lde
Hence

MDCCCLX.
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Again,
@ d d? ds, d* ds, d?
9% @mdy= S W5 S dedy — @Sdwdy —  dx Frl dz dy
_dsd o d_ & ds, @
=T 0 dy+ $1 0520 i dy~— dz® 51 dz dy
d & ds, & 4 &
== nd T & hat G
whence

AS d ds d?
633,32%9—@: <s %—2%)23, 2 o dy
d dsl d?
+(SI}E )Zzsdmdj
ds2 d?

+(S“a'.z'v 2ss ‘dxdy;

. d? . .
and consequently the expression 6ss, s, s admits of three equivalents, as follows :

48
6ss,8, =
(o E_oB\ (s L _dun\, 2 d 2ds d_ds\ d
_<8@— dy ( Yz~ dx 2dx+ dy” Sl ) @
d ds, d ds, 0& d ds\ d
+<S‘d_y—2@)< Segp™ ) dz’+ (8‘ dy~ (sdw_dw S dw
d dsQ d&'Q d ds
() (e B () ()
d ds d ds d ds,
=<3%—2%)(1dy dy) 2dm+< & d.z’)(s'“’dy &y ldar
d . ds d dsy\ _d d ds,
+<s‘%_2515><2d/ dy)'sdw_l'(s‘m )( dy™ ”dx
d ,ds, d ds d d  ds, d ds)\ d
+(S2d 2dx><8@— @)8‘%-‘- (szdx—de ‘dy > d
d ds d ds d dSQ d
=<8d_x_2¢Tz> <S‘a’.z° da)s2dg/ < —2% >< Sode ™ du Sldy
a’s d _ds\ 4@ d
+ <s’ dz™ ]> (82 de™ ) de <S‘dw 2dw) < dz— dx) Szdy
ds ds d ds, d ds;)\ d
+ <82dw 2) (sdw dx S‘a’_g;-l-( 2 dp 2dx <s‘dw dx) dy’
3

ds d
In short, in order to change the expression for 6ss, s2 = into that for 6ss,8,~—55— =y e
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., 4 d .
have only to write & for - in one of the factors of each term; the same factor being

changed throughout.
o . . . 3
Writing @ for , and y for #, we have the corresponding expression for 6ss;s, d—jd—yg

. . o . . . m+1
And a train of reasoning similar to that used in calculating 1.2..(m-+41)ss,.. s, i‘iw
will give

dm+l

*Sm i dy?

1.2..(m+1)ss,.

d ds d dsp.. d ASm—_p1 d
=3(sz=00+D%) - (s0re= =2F+D) ) (3mepingy=(n—p) 57 o5 g

the y factors being detected at pleasure, provided that they are p in number, and the
same factors throughout.

Postscript.

Received March 3, 1860.

In continuing my researches on the extended form of the Index Symbol, I have esta-
blished a variety of formule relative to the case of many variables analogous to those in
the case of two. As the expressions occurring in the investigations are frequently of
great length, I propose here to give only the principal results, without entering into the
details of proof.

Let ¢,, 4y, .. be any permutation of the series 1, 2,..; and let it be symbolically repre-

sented thus:
T, 4y,.. =P(1, 2, .. ).

Then any permutation P; performed on P; may be similarly represented by j;, j,-;, oy OF
more simply, ji,, jés, .. Then ji,, ji,, .. will represent a new permutation of the original
series 1, 2,..; and the notation above adopted may be extended thus:

Jors Jhos . =P (1, 2,.0)
P, 4 .. )=P,Py(1, 2,..),
or, dropping the subject of operation,

P,=P;P,
and so on generally.
G2
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Let there be any number of variables «,, #,, .., and let
d d
Vi=ua;, dw1+w"= dw9+ .

d d
V=, gt 0 g,

. . d d
and D,, D;, .. corresponding expressions when the Ty dap operate only on some extra-

neous subject of differentiation, and not on a,, #,, .. so far as they appear explicitly in
the values of D;, D;, ..

Then it will be found that
DjDi ES VjVi - vji

Dk Dj Di = V,-VN;- - ij Vi— Vijz‘ - Vij,- + iji+ ij.- 5

and so on for any number of Ds and Vs. There are special cases in which these ex-
pressions take a more symmetrical form. Thus, if the second condition of the system

P(y, k)=P(%,j5), P(k,¢)=P(i, k), P(i,5)=P(j, )

be satisfied, the group V;, V, V; may be replaced by the group Vi, Vi, Vj:, in which
the suffixes are cyclically arranged. 1If the first and last are satisfied, the group may be
replaced by Vy, Vi, V. If, besides, the first condition of the system

P{i(j, K)}=P1{(j, k)i}

P (j(k, 6)} =P{(k, i)}

P{R(E, )} =P{(G,))k}
be satisfied, the expression for D,D,D; may be written

ViViVi— Vinj - VjVik - Viji + Zijb
oY

VN,-V,: - Viij - VJVIE’L - VN,J + 2 iji ’

according as the second, or the first and last conditions of the first system are satisfied.
And similarly, if the two last conditions of the second system are satisfied, the expression
may be written

ViVVi=VuVi—=VaV,— ViV + QVﬁk
ViVVi—VuVi= V= ViV +2V .

If the accents in the symbols V;, V, .. are understood to imply that the suffixes 4, j, ..
and not the Vs are to be combined, e. g.

(@, b, ¢, AXV; V)
=aVp+ b(ij,~+ Vii+ \7,-,-2) +c (Vji2+ Vii+ Vﬁz) +dVs,
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then
(@, b, ¢, AYD;, D,)*
=(0,0,0,8XV;, Vo) = 2(a 3,0, 8XV, VXV Vi) = (@,b,6, XV, VXV, Vi) +2(a,5,¢,dX V), V2,
which may be symbolically represented thus:
(@ b ¢, @YDy, V)'=(a, b, ¢, AX (V; V) 1 )
vy (HV) 2 ]
(Vi Vi (G Vi (V; V)

And generally,

(a,b,.. .. D;, Viyr=(a, b,.. X (..V; V) 1 * . * )
(VY (-V; V) 2 L. l
(. (Vv (V) .. ¥

(V) (VU (LY (V)

Moreover, if
w=3(1"2".. Jap at ..

Then, understanding that the order of multiplication must be preserved, as in the case

of two variables,
d

éa._a a._a .
F(.. vai)u=2F{-- s 2o 1)e™s “hs,  Z(or, 1) d“""}(l“‘ 2% )P ..

Again, if
'M1,=0&11$,+ﬁu$2+ .. Uy ==y + 3195 - -

Ugy =005, ~+ 3% .. g == 0tgo Wy~ 3555 . .
d d
v;=und7]+u12%+ o

d d
V2=u21%;+u22d72+ .

Then d

D2D1=VzV1"'{(“u“m‘l‘ﬁno‘zz‘" . )w1+(“1162x+ﬁnﬁz2+ )x2+ .o }d.z'l
‘{(“12“21""'312“22"" .o )w1+(“12321 +Bmﬁwz+ s )xz"l' . };l‘—;%
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Now the coefficients of the s are all comprised in the product

Ogy  Ugg

B'Zl 62‘2

oy ﬁu
Oy Bm

i

and the terms correspond line for line and column for column. If, therefore,

(e & .. Yo,o,.. Yy, 9. )=(@e+da,+..)y

a b .. +(ax+ba,+..
e e e -+ ...
we may write
. { : d d
D2D1=V2V1‘—( Obgy 322 DI N 2% Bu o Iwu Ty I Ez,‘;’ t_{‘;‘;’ .
621 ﬁza Oy Bm

and by a tolerably obvious extension of the symbolical notation used in other parts of
this paper, we may write this expression thus:

V2V1"'v'2v1
And generally
DD, ,..DV,= Ve Vaur o Vi |
v;n Vn—-l . v‘l ‘
Vo Vo -+ Vi }
Lastly, the formulze for ss, .. ﬁ_-pd—y’; in the case of two variables may be directly ex-

s :
p with many variables.

1 g

tended to the corresponding case of ss;..



